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Abstract. We reformulate nested relations between off-shell U q (gl N ) Bethe vectors as 
a certain equation on generating series of strings of the composed U q (gl N ) currents. Using 
inversion of the generating series we find a new type of hierarchical relations between univer- 
sal off-shell Bethe vectors, useful for a derivation of Bethe equation. As an example of 
application, we use these relations for a derivation of analytical Bethe ansatz equations 
[Arnaudon D. et al., Ann. Henri Poincare 7 (2006), 1217-1268, |math-ph/0512037] for the 
parameters of universal Bethe vectors of the algebra U q {g[ 2 )- 
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1 Introduction 

Hierarchical (nested) Bethe ansatz (NBA) was designed [T2] to solve quantum integrable mo- 
dels with q\ n symmetries. The cornerstone of NBA is a procedure which relates Bethe vectors 
for the model with gl N symmetry to analogous objects with 0ljv-i symmetry. This hierarchi- 
cal procedure is implicit, it allows to obtain Bethe equations for the parameters of the Bethe 
vectors while the explicit construction of these vectors itself remains rather non-trivial prob- 
lem. Authors of the papers |16[ [T7] proposed a closed expression for off-shell Bethe vectors 
as matrix elements of the monodromy operator built of products of fundamental L-operators. 
However a calculation of this expression in every particular representation is still a nontrivial 
problem. Such a calculations was done in [18] on the level of the evaluation homomorphism of 
U q (gi N )^U q ( Q l N ). 

The construction of [161 fl7] yields the off-shell Bethe vectors in terms of matrix elements of 
the monodromy matrix which satisfies the corresponding quantum Yang-Baxter equation and 
generate a Borel subalgebra of quantum affine algebra U q (g[^) [15] for trigonometric i?-matrix 
or the Yangian Y(gi N ) for the rational i?-matrix. Those quantum affine algebras as well as 
doubles of Yangians possess another "new" realization introduced in [2]. In this realization the 
corresponding algebra is described in terms of generating series (currents) and an isomorphism 
between different realizations of these infinite-dimensional algebras was observed in [3]. Using 
this isomorphism one may try to look for the expressions for the universal off-shell Bethe vectors 
in terms of the modes of the currents. This program was realized in [91 [10], where explicit 
formulas for the off-shell Bethe vectors in terms of the currents were found. A significant part 
of this approach to the construction of Bethe vectors is a method of projection introduced 
in [7] and developed in the recent paper [6]. This method operates with projections of Borel 
subalgebra to its intersections with Borel subalgebras of a different type. It was proved in [6] 
that universal off-shell Bethe vectors can be identified with the projections of products of the 
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Drinfeld currents to the intersections of Borel subalgebras of different types. In the latter paper 
it was checked in a rather general setting that the Bethe vectors obtained from the projections 
of the currents satisfy the same comultiplication rule as the Bethe vectors constructed in terms 
of the fundamental L-operators. This approach was used in [11] 114] for further generalization of 
the results obtained in [18]. 

A deduction of general expressions for off-shell Bethe vectors |11] [T4"] is based on hierarchical 
relations between projections of products of the currents (see Proposition 4.2 in [H]). However 
these relations do not help in the investigation of the action of integrals of motions on off-shell 
Bethe vectors. The situation is quite different in classical approach of nested Bethe ansatz. 
The corresponding hierarchical relations allow to compute the action of integrals of motion and 
derive the Bethe equations [121 E], but can be hardly used in the computation of the explicit 
expressions of Bethe vectors. This signifies an existence of two types of hierarchical relations for 
off-shell Bethe vectors and thus of two different presentations of them. The goal of this paper 
is to observe these two type of the hierarchical relations within the approach of the method of 
projections. 

The new important objects which appear in the application of the method of projections to 
the investigation of the off-shell Bethe vectors are so called strings and their projections. Strings 
are special ordered products of composed current introduced in [3] . Our hierarchical relations 
express U q (gl N ) Bethe vectors via products of special strings and ^(st^-i) Bethe vectors. 
On the other hand the basic point of application of the method of projection is the ordered 
decomposition of the product of the currents. The factors of this decomposition are projections 
of the products of the currents (|3.12p . The crucial observation is that this decomposition and 
hierarchical relations for the opposite projections of the products of currents have a similar 
structure. Combinations of relations of these two different type can be used to obtain a new 
type hierarchical relations for off-shell Bethe vectors. 

In order to solve the latter problem we collect all off-shell Bethe vectors into multi-variable 
generating series. We also introduce the generating series for the products of the currents and for 
the strings and their projections. We rewrite the hierarchical relations for U q (Ql N ) Bethe vectors 
as a simple relation on the product of the generating series of the projections of the strings and 
the generating series of the U q (Ql N _i) Bethe vectors. A similar construction can be performed 
for off-shell Bethe vectors related to opposite Borel subalgebra. However the product entering 
into these relations is not usual. It contains a g-symmetrization with a special functional weight. 
This ^-product is associative and the generating series are invertible with respect to this product. 
Finally the new type of the hierarchical relations reduces to inversion of the generating series of 
opposite projections of the strings. This inversion is effectively performed. To do this we intro- 
duce some combinatorial language of tableaux filled by the Bethe parameters (see Section 14. 5ft . 

Applications of the new type hierarchical relations to the investigation of the properties of 
quantum integrals of motion are given in [8] . Here we demonstrate how they work in the simplest 
case of the universal U q (gl 2 ) Bethe vectors. As a result we get universal Bethe equations of the 
analytical Bethe ansatz pQ. In contrast to the usual Bethe equations these equations refer to 
Cartan currents instead of the eigenvalues of the diagonal elements of monodromy matrix on 
highest weight vectors. In the Appendix we collect the basic defining relations for the U q (qI n ) 
composed currents. 

2 Generating series and ★-product 

2.1 A q-symmetrization 

Let t = {ti, . . . ,t n } be a set of formal variables. Let G(t) be a Laurent series taking values in 
U g (gl N ). Consider the permutation group S n and its action on the formal series of n variables 
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t = {ti, . . . , t n } defined for the elementary transpositions c^+i as follows 

7r (<7i,i+i)G'(ti, . . . ,ti, U+i, ... ,t n ) = G(t\, . . . , U + i,ti, . . . , t n ), (2.1) 

q-q Hi/U+x 

where the rational series is understood as a series J2n>o x ™ anc ^ 1 ls a deformation parameter 
of U q (gl N ). Summing the action over the group of permutations we obtain the operator Symj = 
So-es tK ") acting as follows: 

The product is taken over all pairs (£,£'), such that conditions £ < £' and <j{£) > &(£') are 
satisfied simultaneously. 



We call operator Sym 4 a q-symmetrization. One can check that the operation given by (|2.2 
is a projector 



Sym t -Sym f (•) = Sym f (•)• (2.3) 

Fix any positive integer N > 1. Let I = {lx, ■ ■ ■ , In-i} and f = {ri, . . . , r^r-i} be the sets of 
non-negative integers satisfying a set of inequalities 

L<r a , a = l,...,N-l. (2.4) 

Denote by [I, f] a set of segments which contain positive integers {l a + 1, l a + 2, . . . , r a — 1, r a } 
including r a and excluding Z a . The length of each segment is equal to r a — l a . 
For a given set [l,f] of segments we denote by the sets of variables 

%f] = {*ii+l> • • • ' *ri)*f 2 +l' ■ ■ ■ ' *r 2 > • • • ' • • • ' ^n-i }' (^-5) 

For any a = 1, . . . , N — 1 we denote the sets of variables corresponding to the segments r a ] — 
{l a + 1, L + 2, . . . , r a | as tft ^ i = {if , i , . . . , it }. All the variables in if, „ , have the type a. 
For the segments [l a , r a ] = [0, n a ] we use the shorten notations i[o,n] = %.] an d *fo n ] = *fn ]■ We 
also name for a short collections [Z, f] of segments as a segment. 

Denote by Sf f = 5j ljri x ••• x S'i JV _ lir . JV _ 1 a direct product of the groups iSj 0)7 . permuting 
integers Z a + 1, . . . , r a . Let G(in f ]) be a series depending on the ratios tf/tj for a < b and tf /t" 
for i < j. The g-symmetrization over the whole set of variables of the series G(t^- f j) is 
defined by the formula 

^.-,„^m>=e n 77^77 n S^w.m 



<T a (£)>a a (£') 



where the set rr,r=] i s defined as 



_ r .1 .1 .2 .2 . j.N—1 JV-l \ (t)7 \ 

l [l,f] ~ \V(Ji+l)'-- • ' V(n)' V(i 2 +1)'' • • ' V 2 (r 2 )' ■ • • > V^-^at-i+I)' • • •' r o- w - 1 (rjv-l)J ' 

We say that the series G(t^ f ^) is q- symmetric, if it is invariant under the action tt of each 
group Si a: r a with respect to the permutations of the variables tf +l , . . . , t Ta for a = 1, . . . , N — 1: 
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Due to (|2.3p the (/-symmetrization G(t^) = Sym^ Q{i^) of any series Q(i^) is a g-sym- 
metric series. 

The rational function 

N-l l_ t aj t a 

nn- „— 1 j-a Ua 

(2.9) 

a=li<j q Q 

which is understood as a series with respect to tf/tj is an example of a (/-symmetric series. 
2.2 Generating series 

Let U{, i = 1,...,N — 1 be formal parameters. We denote the set of these parameters as 
u = {ui, . . . , Wj\r_i}. Define a generating series 

A(u) = l + ]T A(t [n] )u^.--u n N N _- l \ (2.10) 

n 1 ,...,n N _i>0 

where the coefficients ^(i^j) are arbitrary (/-symmetric series (Symr (^(i^j)) = A(i^)) of 
the formal variables t n numbered by the multi- index n = {ni, . . . , n^^i}: 

t _ f.l .1 .2 .2 . . + iV-2 .N-2.+N-1 +N-1 \ Mill 

[«] ~~ 1 1' ' ' ' ' Vt' 1' ' ' ' ' 12' ■ • • ' b l ' • • • ' t njv-2' 1 ' ' ' ' ' fc njv-i J ' 

We call generating series of this type q- symmetric generating series. Note that the multi-index n 
of the coefficients of a (/-symmetric generating series is uniquely defined by the set of formal 
variables tr fl i, thus the coefficients »4(f[^i) are used without any additional index. However once 
it will be convenient for us to use instead the notation An = A(t\~{) (see proof of Proposition [5]). 
For two generating series A(u) and B(u) we define ★-product as a generating series 

C(u) = A{u) * B{u) = Y, c $l*]X u 2 2 ■ ■ • u 7-i ( 2 - 12 ) 

rii,...,n JV _ 1 >0 

with coefficients 

C (kn])= E ^i [n] (Mt[n])A(t m )-B(i m )), (2.13) 

0<sjv_i<njv_i 0<si<ni 

where 

>^-(%,n]) = A(t si+1 , . . . , t ni ; t S2+1 , . . . , t n2 ; . . . ; i Sjv _ 1+1 , • • • , t nN1 ) (2-14) 

and 

N ~ 2 a - rrh a lt a+1 

w=n n yjp; ■ (*■«) 

a=l So <^<n a 1 



0<£'<s a+ 



Proposition 1. The -k-product is associative, namely, for three arbitrary q-symmetric series 
A(u), B(u) and C(u) of the form (1230]) 

(A(u) * B(u)) * C(u) = A{u) * (B(u) * C{u)) . (2.16) 
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Proof. We check an equality (|2.16p first in the simplest case of the generating series depending 
on one generating parameter u. Equating the coefficients at the n-th power of this parameter 
we obtain from (|2.16p an equality 

Sym t - ^2 Y A(t s+1 , . . . ,t n ) ■ B(t m+ i, . . . ,t s ) ■ C(ti, . . . ,t r , 

\ n>m>0 n>s>m 

m'+l, ■ ■ ■ ,t s ') ■ C(t\, . . . , t m >) J , (2.17) 



k n>s'>0s'>m'>0 

where the property (j2.8|) of the g-symmetric generating series was used and i is a set {t±, . . . , t n }. 
An equality (|2.17p is an obvious identity if one replaces the ordering of the summations. It is clear 
that in the general case the arguments remain the same and the appearing of the series (12.151) 
does not change these arguments. ■ 

Proposition 2. For any generating series A{u) there exist an unique q-symmetric series B(u) 
such that 



B{u)*A(u) = A{u)*B(u) = 1. 

Proof. Since A(u) has the form of a Taylor series with the free term equal to 1, we can always 
reconstruct uniquely the inverse series solving recursively the equations for the coefficients of 
the series B(u). By the construction the coefficients of this series will be also g-symmetric. ■ 



3 Universal nested Bethe vectors for U q (gi N ) 

Quantum affine algebras in the current realization [2] provide examples of the q-symmetric ge- 
nerating series. We will construct these generating series for the quantum affine algebra U„(gl]^) 
and show that ^-products of these generating series provide hierarchical relations for NBA. We 
now recall the current realization of the algebra U q (gl^). 

The quantum affine algebra U q (Ql N ) is generated by the modes of the currents 

E i (z) = J2EiHz- n , Fi(z) = Y,*i[n]z- n , kf(z) = £ kj[±n]^, (3.1) 

n&L neZ n>0 

where i = 1, . . . , N — 1 and j = 1, . . . , N subject to the commutation relations given in the 
Appendix |Al The generating series Fi(z), Ei(z) and ^(z) are called total and Cartan currents 
respectively. 

We consider two types of Borel subalgebras of the algebra U q (gl N ). 

Generators of the standard Borel subalgebras Uq^^) C U q (gl N ) can be expressed in terms of 
the modes of the currents (|3.1j) . To do this one has to introduce the composed currents E at b(z) 
and Fb^z) for a < b — 1 and 1 < a < b < N (see Appendix for the definition of the 
currents Fi a {zj). The Borel subalgebra U q {b + ) is generated by the modes of the currents: 
Ei[m], m > 0; i*i[n], kj[n], n > and £^[1], a < b— 1. Dual standard Borel subalgebra U q (b~) 
is generated by the modes of the currents: Fi[m], m < 0; Ei[n], kj~[n], n < and F^ a [— 1], 
a < b — 1. Here i = 1, . . . , N — 1 and j = 1, . . . , N. The reader can find description of the 
standard Borel subalgebras in terms of the modes of the U q (gl s ) currents in the paper [9]. This 
decomposition of the algebra U q (gl N ) is related to the standard realization of this algebra in 
terms of pair of the dual L-operators, where generators of the standard Borel subalgebras serve 
as the modes of the Gauss coordinates of the corresponding L-operators. 
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Another type of Borel subalgebras is related to the current realization of U q (gl N ) and was 
introduced in [2J. The Borel subalgebra Uf C U q (gl N ) is generated by the modes Fi[n], k^[m], 

i = 1, . . . , N — 1, j = 1, . . . , N, n G Z and m > 0. The Borel subalgebra Ue C C^(fltjv) is 
generated by the modes -E^n], kj [— m], i = 1, . . . , iV — 1, j = 1, . . . , N, n G Z and m > 0. We 
also consider a subalgebra U' F C Uf, generated by the elements Fi[n], kj~[m], i = 1, . . . ,N — 1, 
j = 1, . . . , N, n G Z and m > 0, and a subalgebra U' E C generated by the elements Ei[n], 
kj [— m], i = 1, . . . , N — 1, j = 1, . . . , N, n G Z and m > 0. We call these subalgebras of E/g(0ljv) 
the current Borel subalgebras. Further, we will be interested in the intersections, 

uj = u' F n u q (b~), u+ = u F n u q (b + ) (3.2) 

and will describe properties of projections to these intersections. 

The current Borel subalgebras are Hopf subalgebras of U q (gl N ) with respect to the current 
Hopf structure for the algebra U q (gl N ) defined in [2J: 

A( D ) (Ei(z)) = E l (z)®\ + k~(z) (k^z))- 1 ®Ei{z), 

A^ (Fi(z)) = 1 <g> Fi(z) + Fi(z) ® fc+(*) , (3.3) 

A< D > {kf{z))=kt( Z )®kt{z). 

The quantum affine algebra U q (g[^) with ommited central charge and gradation operator can 
be identified with the quantum double of its current Borel subalgebra constructed using the 
comultiplication (|3.3|) . 

One may check that the intersections UJ and Up are subalgebras. It was proved in [10] that 
these subalgebras are coideals with respect to Drinfeld coproduct (|3.3|) 

A^ D \U+) C U q (gl N ) ® U+, A( D \Uf) C UJ ® I7 g (fc), 

and the multiplication m in t/g(flljv) induces an isomorphism of vector spaces 
m: Uj ®Up -> fTp. 

According to the general theory presented in [6] we define projection operators P + : Uf C 
U q (gl^f) — > Up and P~ : £/jr C ^(fltjv) — * UJ by the prescriptions 

P+(/_ /+) = /+, F~(/_ /+) = /_ £(/+), for any /_ G /+ G U+,(3A) 

where e is the counit map: e : U q (gl N ) — > C. 

Denote by [/f an extension of the algebra Uf formed by linear combinations of series, given 
as infinite sums of monomials [ni] ■ ■ ■ aj, [n^] with ni < • • • < n^, and rai + • ■ ■ + n& fixed, 
where Oijnj] is either i^Jn/] or fe^|"[nj]. It was proved in [6] that 

(1) the projections (|3.4p can be extended to the algebra U F ; 

(2) for any / G U F with A^ D \f) = Ei /i ® /" we have 



/ = E p ~(/")-^ + (/i)- 

i 



(3.5) 
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3.1 Generating series for universal Bethe vectors 

It was proved in the papers [lQj[TT] that the projection of the product of the U q (gl N ) currents can 
be identified with universal Bethe vectors (UBV). In this paper we show that the hierarchical 
relations for UBV can be presented in a compact form using ^-product of certain g-symmetric 
generating series. Then the formal inversion of generating series allows to obtain another form 
of hierarchical relations and to investigate further (see [8] ) special properties of UBV when their 
parameters satisfy the universal Bethe equations appeared in the framework of the analytical 
Bethe ansatz [T]. In this paper we will demonstrate these properties for the U q (Ql 2 ) universal 
Bethe vectors. 

Products of the U q (gl N ) currents yield examples of the g-symmetric generating series. We 
consider the generating series of the product of the currents 

F N (u) = £ ^(twK 1 ^ • • • (3.6) 

ni,...,rtjv_i>0 

where each term J rN (t[fq) means the following normalized product of the currents 

T (*W) = rW-.-m! ' (3 ' 7) 

We set = 1. More generally, following the convention (|2.14j) . for a segment [f, f] and the 
related collection tn^-i of variables, see (|2.5p . we set 



1 m '~ (rN-x-lN-iV.-'-in-hy. 



The superscript N in the notation J- N (t^) of the coefficients of the (/-symmetric generating 
series signifies that these coefficients belong to the subalgebra Up C U q (gl N ). Further on we will 
consider smaller algebras U q (g{j + i), j = 1, . . . , N— 1 embedded into U q (Ql N ) in two different way. 
Embedding tj : U q (gL +1 ) <— > U q (gl N ) is defined by removing the currents Fj + i(t), . . . ,Fjf-i(t), 
Ej + i(t), . . . ,Ej^-i(t) and the Cartan currents k^ +2 (t), . . . , k N (t). Embedding fj : U q (glj +1 ) w 

U q (gl N ) is defined by removing the currents • • • , F^-j-iit), Ei(t), . . . , Ejv-j-i^) and the 

Cartan currents k^(t), . . . , k^_j_ 1 (t). Note, that the embedding tn-i = fjv-i is an identical 
map. 

Using these embeddings, for any segment [I, f] such that 1% = r% for alH = N — j + 1, N — j + 
2, . . . , N — 1 we define a series 

TN . j+1(T . _ gv-i(gg) • • • gv-^K+i) • • • ^gi) ■ • • ^(j+i) 

[ [l > f]) {r N ^-l N ^)\.--{ n -h)\ 

and for any segment [I, f] such that U = r% for all i = 1, 2, . . . , j — 1 a series 



^-ifc 1 .) • • • ^-i(C? + i) • ■ ■ ■ ■ ■ 

m) (r N - 1 -l N - 1 )\---{r j -l j )\ 



These series are gathered into (/-symmetric generating functions J :N ~^ +1 {u\, . . . , upj-j) and 
J- N ~i +1 (v,j, . . . , «jv-i)- Subscripts a = 1, . . . , N — 1 of the formal parameters u a in the de- 
finition of these generating series denote the indices of the simple roots of the algebra gl N . For 
example, the notation ZF N ~ 1 {u\, ■ ■ ■ ,un-2) means the generating series which coefficients take 
values in the subalgebra U q {g\ N _i) embedded into U q (gl N ) by means of the map tn~2- On the 
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other hand, the notation T N ~ 1 {u2- l ■ ■ ■ , ujv-i) means the generating series taking value in the 
subalgebra U g (gl N _ 1 ) embedded into U g (gl N ) by means of the map tn~2- 

Further on we use the special notation for the ordered product of the noncommutative entries. 

Symbols Y\ A a and Y\ A a will mean ordered products of noncommutative entries A a , such 

a a 

that A a is on the right (resp., on the left) from Aj, for b > a: 

Yl A a = AjAj-i ■ ■ ■ A i+l A h Yl A a = AA+i • • • A^Aj. 

j>a>i *<o<j 

Using these notations we write the n-th term of the generating series (|3.6p as follows 

= II ( II F *W) ■ (3.8) 

N-l>a>l a ' \n a >i>l J 

Besides of the generating series of products of the total currents we consider also the gener- 
ating series of the projections of the products of the currents 

P ± (T N (u))= Yl P ± {F N {i [ n ] )) uTu?...u n N N _-^ (3.9) 

m,...,njv_i>0 

where 

„ , p ± (FNm^\)---F N mx- 1 )---m 1 n 1 )---m\)) 

P± (f» t w ) = ^ ■ ■ L. (3.10) 

11 njv-i' • • • nil 

In the same manner we define series 

P± (^-^(fl)) = P ± {F N -i +1 (ui, . . 

and 

p± ( - } ) = p ± . . . , UN _^ . 

The series P + (j- N (u)) is the generating series of all possible universal off-shell Bethe vectors. 
Our goal is to show that the hierarchical relations of the nested Bethe vectors imply the facto- 
rization property of this generating series with respect to the ^-product of certain g-symmetric 
generating series. An associativity of this product allows to obtain a new presentation for the 
universal Bethe vectors. 

Proposition 3. The q- symmetric generating series (13. 6p can be written using a -k-product in 
a normal ordered form 

F N (u) = P~ (F N (u)) * P + {F N {u)) , (3.11) 

where the q-symmetric generating series P^ (J- N (u)) are defined by ([3. 91) . 

Proof. Using the property of the projections (|3.5p an equality of the series 



We call any expression f_ ■ f+\ where £ U f and /|/ € Up (normal) ordered. 



^(%])= E ■ • E Sym %] (Z s -(%])P-(^ JV (i M] ))-P + (^ JV %,]))) (3-12) 

0<sjv-i<njv-i 0<si<ni 

was proved in [11] (see, Proposition 4.1 therein). That proof was based on the comultiplication 
property (|3.3p and the commutation relation between currents. Using a definition of the *-pro- 
duct and considering the coefficients in front of monomial u™ 1 • • • u^Si m the both sides of the 
equality (|3.1ip we obtain the formal series equality ()3. 12|) . ■ 
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4 Generating series of strings and nested Bethe ansatz 
4.1 Composed currents and the strings 

For two sets of variables {t\, . . . , t\} and {t\, . . . ,t\} we introduce the series 

— i l If 2 JL a - r?- 1 / 1 It 2 

L ml L m TT </ </ L m,'l L m 



m=l " "m/tm m , =m+1 1 *m'Am 

n l m/ l m TT g V L ml i m' (a -i \ 

i-4/t2 11 1-4^, • ^ 

m=l m/ m m'=l m/ m 

Fix j = 1, . . . , N — 1 and a collection of non-negative integers P = {s±, . . . , s,} satisfying the 
admissibility condition: 

= so < si < s 2 < ■ ■ ■ < Sj-i < Sj. (4.2) 

We define a series depending on the set of the variables 

t[si] = {^1 ! ■ ■ ■ ) ^Sl i ^1) • • • J ^S2 ' ■ • • ' ^ll » ^Sj } 

of the form 

i-i 

*(W = II ■ ■ ■ ■ ■ -A)- (4.3) 

a=l 

When j = 1 we set X(-) = 1. 

Define an ordered normalized product of the composed currents, which we call a string of 
the type 

^+ i (t W )=x(f M ) n L * v n jw#] 

j>a>i y v s a >e>s a - 1 j 

taking values in the subalgebra Uf C U q (Qlj +1 ) embedded into U q (gl N ) by the map Tj. The 
composed currents Fj t i(t) corresponding to non-simple roots of the algebra gl N belongs to the 
completion Uf and their definition is given in the Appendix E] (see fOI) . (fPl) . (TO]) ). 

More generally, let fh = {mi, . . . , mjv_i} and n = {m, . . . , nj\r-i} be a pair of collections of 
nonnegative integers such that n a — m a = for a = j + 1, . . . , N — 1 and n a — m a = s a for any 
a = 1, . . . , j. Then for the set of variables 

t - - = { t 1 t l -t 2 t 2 ■ ■ fi / J \ 

L [m,n] l^mi+l; • • • ) fc ni i i • • • > b ri2 ' ■ * * ' m,+l ' " " " ' nj J ' 

we set 

a=l 

5 j ' +i (^])=x(t Kn] ) n (ga _ 1 Sa i) , n *w*i') 



1 Here the definition of the string differs from those used in |11II14| by the combinatorial factor being a rational 
function of parameter t°; . 
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We define the (/-symmetric generating series of the strings of the type j by the formula 
^' ';</, »,) = E Sy^Vl (S J ' l «^>)"V"2---«/ (4-5) 

Sj>Sj-i>--->si>0 

Here superscript j+1 signifies that this generating series takes values in the subalgebra U q (glj +l ) 
embedded into U q (gl N ) by the map Tj. The subscripts of the parameters u%,...,Uj signify that 
this subalgebra is generated by the U q (gl N ) currents corresponding to the simple roots with 
indices 1, . . . , j. 

Let P + (F N (iii, . . . ,ii7v_i)) be the generating series of the universal off-shell Bethe vectors 
for the algebra U q (gl N ) and P + (j rN ~ 1 (ui, . . . ,un~2)) be the analogous series for the smaller 
algebra U q (Ql N _ 1 ) embedded into U q (gl N ) by the map tn-2- We have the following 

Proposition 4. Hierarchical relations between universal weight functions for algebras U q (q[ n ) 
and U q (Ql]\f_i) can be written as the following equality on generating series: 

P + {T N ( Ul , u N -i)) = P + {S N ( U1 , u N -!)) * P + {T N -\ U1 , u N . 2 )) . (4.6) 

Proof. Taking the coefficients in front of the monomial u^u^ 2 ■ ■ ■ uJ^Si we obtain an equality 
of the formal series 

P + (T N (t [n] ))= E Sy^%,(^(%]) 

njv-i=sjv-i>->si>0 

P + (S N (i [n _ m )) ■ P+ (F 1 *- 1 ^))). (4.7) 

An equality (|4.7p coincides with the statement of the Proposition 4.2 of the paper [11] up to 
renormalization of the universal weight function by the combinatorial factor. ■ 

Corollary 1. Generating series of the U q (Ql N ) universal weight functions can be written using 
ordering -k-product of the generating series of the strings 

P+ (F N ( Ul , UN.!)) = P + (S N ( Ul , U N -l)) * P + {S N ~Hui, UN-2)) ★ • ■ ■ 

*P + (S 3 ( Ul ,u 2 ))*P + (S 2 ( Ul )). (4.8) 

In (|4.8j) we assume that the universal Bethe vectors for the algebra U q (gli) are equal to 1. 
Recall that the generating series P + (5 J (ni, . . . , Uj_±)) belongs to subalgebra Uf C U q {glj) 

embedded into U q (Ql N ) by the map Tj-\ which removes the currents F a (t), E a (t) and kf +1 (t) 
with a = j, j + 1, . . . , N — 1. 

4.2 Hierarchical relations for the negative projections 

One of the results of the papers [T4] is the hierarchical relation for the positive projections 
of the product of the currents. Let us recall shortly the main idea of this calculation. In order 
to calculate the projection 

P + (Fiv-itC-J • • • Fn.^- 1 ) ■ ■ ■ • • • F^tl)) 

we separate all factors F a (t^) with a < N — 1 and apply to this product the ordering procedure 
based on the property (13.12j) . We obtain under total projection the g-symmetrization of terms 
X{P~ (yi)P + (zi), where xi are expressed via modes of F/v_i(t) and y.i, zi via modes of F a (t) with 
a < N — 1. Then we used the property of the projection that 

P+ (xiP-iy^P+izi)) = P + (xiP-( yi )) ■ P + ( Zi ) 
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and reorder the product of X{ and P~ (yi) under positive projection to obtain the string build 
from the composed currents (cf. equation (|4.7|) ), 

We will use an analogous strategy to calculate the negative projection of the same product 
of the currents 

P~ (Fiv-itC-J ' ■ -FN-iit?- 1 ) ■ ■ ■ F 2 (f m ) • ■ ■ F 2 {t\)F 1 {tl 1 ) • ■■F 1 {t\)) . (4.9) 



Now we separate all factors F a (t^) with a > 1 and apply to this product the ordering rule (|3.12|) . 
Again, we obtain under total negative projection the g-symmetrization of terms P~(xi)P + (yi)zi, 
where z% are expressed via modes of F\{t) and yi, z% via modes of F a (t) with a > 1. Using now 
the property of the projections 

P~ (P~(xi)P + ( yi )zi) = P~ (xt) ■ P~ {P + (y i )z l ) 

and reordering the product of P + (yi) and Zi under negative projection we obtain the desired 
hierarchical relations for the negative projection of the currents product. 

We will not repeat these calculations since they are analogous to the ones presented in |llj . 
but will formulate the final answer of these hierarchical relations. For two sets of variables 
{t\, . . . , tj} and {t\, . . . ,tf} we introduce the series 

i A q-Q-'tln'/tl 



V(tf,...,tl;tl,...,t\) - YI ,,1 ,, 2 II : _ i m , 2 

™_i 1 b ml l m /_„, i i 1 L m .' I L m 



m=1 ml -m m , =m+1 ^ "m'/"m 
} TT 1 g ~ 1~ l t m /t m > 

4/4 11 i-tut 2 , 

m=1 ml m m , =1 ml m 



n r^hw n ( 4 - io > 

, J- l/ "i/' / m^/_ 1 1 L ml L m ' 



Fix k = 1, . . . , N— 1 and collection of the non-negative integers s k = {s^, • • • , sat_i} satisfying 
the admissibility condition 

Sk > S k+ 1 > Sfe+2 > > Sjv-1 > s N = 0. (4.11) 
We define a series depending on the set of the variables 

J — U k + k ,k+l . . f iV-l f N-l i 

l [s k ] \ l l ' • • • ) z s k ) l l i ■ ■ ■ i l s k+1 1 • • • > l l j • • • ) r sjv_i J 

of the form 

jV-2 

^(V]) = n ^(c + \. • • • ■ ■ • >c- so+1+ i)- ( 4 - 12 ) 

When fc = AT - 1 we set X(-) = 1. 

Define an ordered normalized product of the composed currents, which we call a dual string 
of the type N — k: 



(t [sk] )=x(t [sk] ) n 1 , n FaAti))- (4.13) 

N>a>k \ ^ a 1 a> ' Sk-Sa^Sk-Sa-! 



Note that the notion of the dual string is different from the notion of the inverse string used 
in [IT]- 

More generally, let fh = {mi, . . . , m^-i} and n = {n±, . . . , nAr_i} be a pair of collections 
of nonnegative integers such that n a — m a = for a = 1, . . . , k — 1 and n a — m a = s a for any 
a = k, . . . , N — 1. Then for the collection of variables 

f _ _ _ Uk f k . f k+l j.k+1 . .j.N-1 j.N-1 1 

L [m,n] \ L m k +li • • • > L n k ' L m k+ i ' • • • ' L n k+1 ' ■ ■ ■ ) Vjv-i+I' ' ' ' ' «JV-i J ' 
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we set 

N-2 



a=k 



S N - k+1 (i^n]) = X(i [rhfi] ) — — F a , k (t k e ) 

N>a>k \ n k -s a >i>n k -s a -i 

Doing the calculations described above we obtain the recurrence relations for the negative 
projections 

P~ (T N (t [n] )) = Yl P ~ (^H^n])) P- (>(%]))) ■ (4-14) 

ni=si>--->sjv_i>0 

We define the generating series of the dual strings of the type N — j by the formula 



S N ~ k +\u k , . . .,«*_!) = £ Sy^, (>- fe+1 (i [a 



"is*] 

*fc>*fe+i>--->*iv-i>0 



„*1 J I « fc U k+1 «JV-1 



taking values in the subalgebra Up C ^(fll/v-fc+i) embedded into U q (gl N ) by the map fjv-fc 
which removes the currents F a (t), E a (t) and k^(t) for a = 1, . . . ,k — 1. The recurrence rela- 
tions (|4.14p can be written as the ^-product of the generating series 



P- {T N ( Ul , U N -!)) = P~ [F N - 1 (U2, UN-!)) * P~ [S N ( Ul , UN-!)) • (4.15) 

Generating series of the negative projections of the product of the currents can be written 
using ordering ^-product of the generating series of the dual strings 



P~ {F N ( U1 , UN-!)) = P~ (S^UN-!)) * P~ (S 3 (U N -2,U N -!)) 

* P- (S N -\U 2 , UN-!)) * P~ (S N ( U1 , UjV-l) ) . (4.16) 



4.3 Other type of the hierarchical relations 

A special ordering property of the universal Bethe vectors when their parameters £? satisfy 
the universal Bethe equations [1] was investigated in [8]. This property leads to the fact that 
the ordering of the product of the universal transfer matrix and the universal nested Bethe 
vectors is proportional to the same Bethe vector modulo the terms which belong to some ideal 
in the algebra if the parameters of this vector satisfy the universal Bethe equations. We will 
demonstrate this property for the U q (Ql 2 ) universal Bethe vectors in the Section T4.71 

A cornerstone of this ordering property lies in a new hierarchical relations for the universal 
Bethe vectors, which can be proved using the technique of the generating series. Here we give 
the detailed proof of the relation which particular form was used in the paper [8]. 

Using normal ordering relation (|3.1ip and (|4.15p we may write the generating series of the 
product of the currents in the form 

F N (U U . . . , U N -!) = P~ (F N (U!, U N -!)) * P + . . . , UN-!)) (4.17) 

= P- (f N -\u 2 , . . . , UN-!)) * P~ (S N (U!, U N -!)) * P + (F N {U!, UjV-l)) • 

On the other hand these generating series may be presented as the factorized product 
T N {ui, . . . ,«jv-i) = F N ~ l {u 2 , • • .,u N -!) ■ F 2 (u!) = J" 7V ~ 1 (n 2 , . . . ,u/y-i) *.7 r2 (ui). 

(4.18) 
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Applying the ordering relation (|3.1ip to the series J- 1 (v>2, ■ ■ ■ , itjV-l) again we obtain an 
alternative to (|4.17|) expression for the generating series J 7N (u\, . . . , ujv-i) : 

F N (ui, . . .,un-i) = ^" Ar_1 (n 2 , . . . ,u N -x) *J^(ui) 



= P~ ^ y - x (u 2 , . . . ,«JV-l)J *P + ^ _i («2, • • • ,«JV-l)J (4.19) 
Equating the right hand sides of (|4.17p and (|4.19p we obtain the identity 
P~ (s N (u u Ujv -i)) * P + {T N ( Ul , . . . , u N -{)) 

= P + (f N - l (u 2 , . . .,ujv-i)) *F 2 { Ul ) (4.20) 



or 



P + (T N ( Ul ,...,U N ^)) 

P- (S N ( U1 , . . . , UN^)))' 1 * P + (T N - 1 {U 2 , • • • , UiV-l)) * ^(ux). (4.21) 



The identity (|4.2ip relates the universal off-shell Bethe vectors for the algebra U„(#l N ) and for 
the smaller algebra U q (Ql N _ 1 ). They can be considered as an universal formulation of the relation 
used in the pioneer paper [12] for the obtaining the nested Bethe equations. The equality (|4.2ip 
between generating series contains many hierarchical relations between UBV. In order to get 
some particular identities between these UBV one has to invert explicitly the generating series 
P~ yS N (ui, . . . , uat„i)^ . This will be done in the next subsection. 

4.4 Inverting generating series of the strings 

Let £{u) be the generating series of negative projections of dual strings of the type N — 1: 
£{u) = P~ (s N (ui, . . . , un-i)^ and T>{u) be the inverse series: T>(u) * £(u) = 1. By the 
construction, see (|4.13p . the coefficients 

£(t H ) = P~ fc f (s N (t [m] ))) (4.22) 



of the generating series £ (u) are nonzero only if the admissibility conditions mi > m 2 > • • • > 
m^-i > for the set {m} = {roi,m2, ■ ■ ■ , mjv-i} are satisfied. We have to find coefficients of 
the generating series T>{u) such that V{u) * £{u) = 1. The latter equality is equivalent to the 
system of equations 

E E Z m (t [n] )V(i [mfi] )-£(i [fh] )) =0. (4.23) 

tii>mi>0 "jv-i> m JV-i>0 
mi>--->mjv_i 

for the unknown functional coefficients X>(im) for all possible fixed values of nx, . . . ,njv-i- 

Proposition 5. The coefficients T>(t^) are nonzero only if admissibility conditions k\ > fe 2 > 
• • • > fe/v-i > are satisfied. 

Proof, can be performed recursively by considering first the cases for n\ > and n 2 = • • • = 
njy_i = 0. For these values of n the series Zfhit^) = 1 and coefficients of the series in (|4,23p 
depend only on the variables of the first type t\,...t^ . The relation (|4.23|> takes in this case 
the form 

Sym? H I £ ^(t 1 mi+ i,---,t 1 ni )-£(t\,...,t 1 mi )\ =0, (4.24) 

\ n\ >mi>0 
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Figure 1. Example of the connected diagram for n = 16, p = 4, xi = 6, X2 = 3, X3 = 5; X4 = 2. 



Its solution can be written in the form 



n-i —1 



V(t [n] ) = Sym^ [ J2 E II ^(*L 1+1 .-.*l 

p=0 ni=A,- p 4.i>fcp>-->fci>A:o=Op+l>r>l 



(4.25) 



After this we consider the relation (|4.23p for arbitrary n\ > 0, n2 = 1 and n3 =• • •= riM-i = 0. 
Avoiding writing the dependence on the l f parameters, that is using notations £^ instead 
of £(ir&), the relation (|4,23p takes the form 



Symf^ I fni-mi,l,0 ■ £mi,0,0 J 

\mi=0 / 

i— mi, 0,0 ' ^"mi, i,o = 0. 



(4.26) 



^mi =1 



The rational series 2 mii o,o disappears in the first sum of (|4.26p by the same reason as in (|4.24p . 
Let us consider the relation (14.26P for n\ = 0. The second sum is absent and the first sum 
contains only one terms 2?o,i,o '£0,0,0 = which is equal to zero. This proves that the coefficient 
^0,1,0 = vanishes identically. Now the first sum in the relation (|4.26p is terminated at m\ = 
n\ — 1 and this relation allows to find all coefficients I'm, 1,0 starting from ^1,1,0 = — Z\, 1,0^1,1,0- 
Considering the relation (|4.23p for n\ > 0, n,2 = 2 and 713 = • • ■ = njv„i = we prove first that 
^0,2,0 = ^1,2,0 = and then can find all coefficients I'm, 2,0 starting from P2,2,o- It is clear now 
that the coefficients T> n ^ n2 Q are non-zero only if n\ > ni. Continuing we prove the statement 
of the proposition. ■ 



4.5 Inversion and combinatorics 

To invert explicitly the generating series of the projection of the strings we have to introduce 
certain combinatorial data. First of all, according to Proposition [5] we fix a sequence of non- 
negative integers m > ni > • • • > n^v_i and the corresponding set of the variables tr^i. 

Choose any positive integer n and p = 1, . . . ,n. A diagram \ of size \x\ = n and height 
p = h(x) is an ordered decomposition of n into a sum of p nonnegative integers, 



n = Xi H 1 - Xp- 

Equivalently, a diagram x consists of p rows and the i-th row contains Xi boxes, An example of 
such diagram is shown in the Fig. [TJ The rows of the diagrams are numbered from the bottom 
to the top. If Xi = for some i = 1, . . . ,p then the diagram contains several disconnected pieces. 
We will call the diagram x connected if all Xi 7^ for i = 1, . . . ,p. 

A tableaux \ with a given diagram x is a filling of all boxes of x by the indices {1, 2, . . . , N— 1} 
of the positive roots of the algebra q[ n with the condition of non-increasing from the left to the 
right along the rows. If an index a is associated to a box of the tableaux, we say that this box 
has a 'type' a. We will call the tableaux associated to the connected diagrams the connected 
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Figure 2. Example of connected tableaux in case of N = 4 and its weight {ni, 712, 713} = {16, 8, 3}. 
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Figure 3. Example of tableaux for N = 4 with associated variables tf. 



tableaux. For a given tableaux we define its weight n(x) as a set of numbers n = n{x) = 
{ni(x),... ,n7v-i(x)} such that n a (x) is a number of boxes which have type bigger or equal 
than a, a = 1, . . . , N — 1. The size and the height of the tableaux is the size and the height of 
the corresponding diagram. An example of a connected tableaux is given on the Fig. [21 

Denote by x 1 t ne ith row of the tableaux x- Denote by c l a = c l a (x) the number of type a 
boxes in the row x l - Set d\ = d % a {x) = c l N _ 1 + ■ ■ ■ + c\ and h l a = d\ + ■ ■ • + d l a In particular, d\{x) 
is the length Xi of the row x 1 and the collection d l = {d\, . . . ,d] v _ 1 } is the character n(x l ) of 
the row x 1 considered as a tableaux by itself. Clearly d\ > d l b when a <b and 

n a = hP a = dl + --- + dl 

for all a = 1, ... iV — 1. This formula demonstrates in particular that the weight of a tableaux 
always satisfies the admissibility conditions n\ > ni > ■ ■ ■ > njy-i- 

To each connected tableaux x of the weight n = n(x) we associate a decomposition of the 
set of the variables into the union of |%| disjoint subsets, each corresponding to a box of the 
diagram x of tableaux x- To each box of the type a we associate one variable of the type 1, one 
variables of the type 2, etc., one variable of the type a, altogether a variables. We will number 
variables of the each type starting from the most bottom row and the most right box where 
variable of this type appear for the first time. 

Let us give an example of the decomposition and of the ordering for the tableaux shown on 
the Figj_J3J The most bottom and the right box has the type 1. We associate to this box one 
variablto t\ of the same type. Next to the left along the same row box has the type 2. We 
associate to this box two variables t\ and t\ of the types 1 and 2. Last box in the bottom row 
has type 3 and we associate to this box three variables t\, t\ and t\. Next box is in the next 
row and also has the type 3. To this box we associate also three variables t\, t| and t\. Next 
two boxes in the third row both have the type 1 and we associate to the most right box in this 
row one variable t\ and to the last box also one variable t\. 

In general, for each tableaux x of the weight n(x) an d any segment [I, f], such that r — I = n 
the set of the variables 

F- -It 1 t 1 -t 2 t 2 ■ -t N - 1 y.JV-1 1 

L [l,r] — X L h+li • • • ' S-i> n 2 +l' ' ' ' ' r2 ' • • • ' L i N _ 1+ ii ■ • ■ j Vjv-i J " 

decouples into h(%) groups of variables 

= K+^-i+i' ■ ■ • . ; ■ • • ; ^.l+hj^+i' • • • ' ^ 4 - 27 ^ 

2 Recall that superscript a signifies the 'type' of the variable t" and subscript i counts the number of the 
variables of this type. 
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The variable belongs to the subset tyi if l a + h 1 " 1 < k < l a + h l a . It is located in the 
(I a + h l a + 1 — k)th box of the row x 1 counting boxes in this row from the left edge of the 
tableaux. 

In the same setting we define 

= IT ^x\x j (*x*'*x J ')' (4.28) 
i<i<j<Hx) 

where 

N-2 la+hi la+l+hl +1 ^ _ +1 

t» / V 



is a rational series defined by the interchanging of the variables of the type a + 1 from the i-th 
row and variables of the type a from the jth row of the tableaux \- 
In our example, the group of variables 

(*!> ^1)^1)^2) *li *6> ^5> ^4) ^3>*2) *l) (4.29) 

decomposes into three groups 

(•; •; 4, 4) (if; t§; ti) (if ; & t?; 4, 4 ij) . (4.30) 

In this example the rational series is equal to 

q - g- 1 t\jt\ yr q-q-Hl/tj, q-q- l tl/t\ 
- 1 - t\lt\ ' 11 

=5 6 £=4,5,6 



rr g-g-^m rr g ~ 9 sZg q-q~^m 

11 1 _ +1/+2 '11 1-/1//2 ' 1_+2/y3 ' 



For a given tableaux x we define the ordered product 

%(%])= n ^» ( 4 - 32 ) 

h(x)>*>l 

of the negative projections of the strings (|4.22|) . Each factor £(t^i) corresponds to the projection 
of the certain string depending on the set of variables i^i (I4.27p . Decomposition of the tableaux 
row into boxes shows the structures of this string. Each box of the type a corresponds to the 
composed current -F a +i,i which depends on the type 1 variable placed in this box. Variables of 
other types from the same box enter through rational factors. For the tableaux shown on the 
Fig. [3] this product reads 

£(*5> *ei) ' £(^4) ^3' *!) ' £(*1> *2> ^3) *1? ^2; *l) 

and 

£{t\,t\) = P- {F 2A (tl)F 2A (tl)) , £(th4;4) = _\ /+2 ,_\,^ P~ (^4,1 (*!)) , 

^(*l 5 *2i*3j*fj*2;*l) = IT7721 T2773 1 7n72 P ~ (■ F 4,l(<3)- F 3,l(*2)- f 2,l(*l)) • 

1 C3/I2 1 I 2/' : l 1 t 2/''l 

Proposition 6. The coefficient T>(t^) of the inverse series (p~ (j$ N (u\, . . . ,v,N-i)j^J are 
given 

V( f\n)) = E(- 1 ) h ® +1 ^%] ( Z x(%]) • %(%])) (4-33) 

X 

fry £/ie sum over all possible connected tableaux x such that the weight of tableaux n(x) is equal 
to n. 



Generating Series for Nested Bethe Vectors 



17 



Proof. For arbitrary non-empty set n/Owe substitute expression (|4.33p into (|4.23p to obtain 
the relation 

£ (-l) h ^ +1 SynT t - N (Z s (t w ) • £g(F [ft] )) 

+ E E (-l) hte ' )+1 S^ i - [ri] (^m(%]) ' • • f (*N)) (4-34) 



x 

n(*) = n 



n(x ) — n — 771 

which has to be equal 0. After this substitution the product of the series Z^'fi^n]) ' 
should be under Q-symmetrization over the set of the variables i^s]- Since the series Zm(in) 
is symmetric with respect to the set of these variables and the series £(ifn) does not depend on 
the variables i\m,n] we ma y include these series under g-symmetrization over the variables i[m,nl- 
Then, since the variables t[m.n] forms a subset of the variables ir^i, the q-symmetrization over 
variables i^n] disappear due to the property (|2.3p . 

We will prove the cancellation of the terms in (|4.34j) in the sums over tableaux of the fixed 
height. Keep the terms in the summation of the first line of this relation which correspond 
to the connected tableaux x such that n a (x) = n a and h(x) = p + 1. Keep the terms in the 
summation of the second line of (14. 34ft which correspond to all connected tableaux x' such that 
n a(x') = n a — ma an d h(x') = P f° r fixed p = 0, . . . , n\ — 1. 

Fix a term in the first sum of (j4.34j) corresponding to some connected tableaux x with 
a weight n. Consider the first (bottom) line of the tableaux x- Denote by m a = ££ + ••■ + c] v _ 1 
the nonnegative integers defined by this row. It is clear that this set of integers satisfies the 
admissibility condition mi > m>2 > ■ ■ ■ > mjsr-i and m a < n a . In the second double sum of (|4.34j) 
choose the term corresponding to this set m and the tableaux x' defined by the following rule. 
If we glue from the bottom of the tableaux x' the row of boxes such that it has a length mi and 
the number of boxes of the type a is equal to m a — m a+ \ then for the obtained tableaux x we 
require r l a (x) = r a(x) an d h(x) = p + 1 for all possible values i and a. We claim that for each 
fixed tableaux x there are unique set m such that m a < n a and there are a single tableaux x' 
which satisfies above conditions. The tableaux x an d X coincide actually. The product of the 
coefficients £x'(^[m,nl) " £(im) will be equal to £^{t^). 

According to the definitions of the series Zmitn) (|2.15p and Z^if^n]) Ij4-28j) their product 
will be equal to the series Z^(t\fq). The term corresponding to the fixed tableaux x hi the first 
line of (|4.34j) and the term from the second line given by m and x' described above cancel each 
other since they will enter with different signs: h(x) = h(x') + 1 = p + 1. I 

For the example of the tableaux shown in the Fig. [3] the sets tr^i and ir^n] are 

{^f>^2)^l>^3;*2)^l} an( i {^2) ^6' ^1} 

respectively. The series Zm(in) is 

Hj/tj, q-q-Hl/4 



n 1 _ 

e=4 ,5,e l e/ l e> 1 r 3/ r i 
£'=1,2 

The series Z^iif\^ n A is 
- 1 1 It 2 ' 



(4.35) 



n 



(4.36) 



=5,6 



The product of (|4.35p and (|4.36p obviously coincides with (|4.3ip . 
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4.6 Inversion of generating series for U q (gi 2 ) 

Quantum affine algebra U q (gl 2 ) m hs current realization formed by the modes of the currents^ 
E(t), F{t) and Cartan currents kf(t), k 2 {t). 

Let us invert explicitly the generating series P~ {J-{u)) in the simplest case of one generating 
parameters u = u± = u in p. lip to show what kind of relations can be obtained for the generating 
series of the U q (Ql 2 ) off-shell Bethe vectors P + {J-{u))\ 

P+ (F( u )) = P~ (^(n))" 1 *T(u). (4.37) 

For any positive n and non-negative p < n we define the set of p + 1 positive integers 
{k p } = {k\, &2, . . ■ , k p , k p+ i} such that = ko < k\ < k 2 < ■ ■ ■ < k p < k p+ \ = n. Using this data 
we define the ordered products 



f ^m) = n fk \ ( F{tkJ ■ • • f ^-+ 1 )) • 

p+l>m>\ y m m 11 ' 

It is clear that the inverse generating series P~ (J-(u)) can be written using g-symmetrization 
of these ordered products (t[ n j) as follows 

p-^r^l + ^Sy^^ (^(-^E^^N)) ( 4 - 38 ) 

n>0 \p=0 {k p } J 

Then using the definition of the ^-product we can obtain from (14.371) a special presentation 
for the U q (gl 2 ) universal weight function 

(n n— s— 1 \ 
E E E F h^n } ) ■ ^(*w) > ( 4 - 39 ) 
s=0 p=0 {k p } J 

where summation over the set {k p } runs over all possible ki such that s = k$ < k\ < k 2 < 
■ ■ ■ < k p < fcp+i = n. An extreme term in the sum when s = n and the sum over p is absent 
corresponds to the product of the total currents F {t n ) ■ ■ ■ F {t\) . Note that an equality (|4.39p 
can be treated as generalization of Ding-Frenkel relation P + (F(t)) = F(t) — P~ (F(t)) [3] when 
the positive projection is taken from the product of the currents. 

4.7 Universal Bethe ansatz for U q (gl 2 ) 

Let J be the left ideal of U q (b + ) C U q (Ql 2 ), generated by all element of the form U q (b + ) ■ E[n], 
n > 0. As it was mentioned above the standard Borel subalgebra U q (b + ) in terms of the 
currents generators is formed by the modes F[n], kt 2 [n], n > and £?[m], m > 0. Let us denote 
subalgebras generated by these modes as lit, and respectively. The multiplication 
in U q (b + ) implies an isomorphism of the vectors spaces 

U+®U+®U+ U q (b + ). 

We introduce ordering of the generators in the Borel subalgebra U q (b + ) 

U+ ~< U+ ~< U+ (4.40) 



3 Since algebra g[ 2 has only one root we remove index of this simple root in the notation of the currents in case 



of the current realization of the algebra U q (Q I 
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induced by the circular ordering of the Cartan-Weyl generators in the whole algebra Uqfat}) [6]. 
We call any element w € U q (b + ) normal ordered and denote it as : W : if it is presented as the 
linear combination of the elements of the form Wi-W^Ws, where W\ € Uj", W2 € , W3 £ U^~. 
It is convenient to gather the generators of the subalgebras and into generating series 

n>0 n>0 

which we call the half-currents. 

A universal transfer matrix is the following combinations of the Cartan and half-currents 

T(t) = k+(t) + F+(t)k+(t)E+(t) + k+(t). (4.41) 

Using the commutation relations in the algebra U q {b + ) C ^(g^) one may check that these 
transfer matrices commute for the different values of the spectral parameters 

[T(t),T(t')]=0 

and so generates the infinite set of commuting quantities^- We are interesting in the ordering 
relations between universal transfer matrix T{t) and the universal Bethe vector P + (J~(Jy n }j)- 
Note that the universal transfer matrix is ordered according to the ordering (I4.40p . 

Proposition 7. A formal series identity is valid in U q {b + ) 

: T(t) ■ P + {HHn])) ■■ = P + {HHn])) ■ r(t; t [n] ) mod J (4.42) 

modulo elements of the left ideal J if the set {tj} of the Bethe parameters satisfies the set of the 
universal Bethe equations pQ, j = 1, . . . , n: 

ktM = fr qtj-^tm (443) 

and 

r(t; i [n] ) = kt(t) n q -J-^l + kt(t) II q -L^-± (4.44) 
j=i J 3=1 J 

is an eigenvalue of the universal transfer matrix. 

Proof. Recall that a universal Bethe vector in the considered case coincides with projection 
of the product of the currents: P + {T(t [n] )) = P + (F(t n ) ■ ■ ■ F(ti)) /n! and can be presented as 
factorized product of the linear combinations of the half-currents F + (ti) [6, ;9j. A direct way to 
prove the statement of the Proposition [7] is to use the commutation relations in U q (b + ) between 
half-currents 

[E+( t ), F+(t')\ = {q ~ q : 1 / {ktimitr 1 - ktmity 1 ) , 
k+(t)F+( t >)kt(t)-i = q -^p-F + (t') - (g ;_% 1} V (t) 

and similar for (t)F + (t')kf (i) -1 to present the product T(t) ■ P + (F(i[n]i) m the normal 
ordered form. But this way is not easy even in the simplest case of the algebra U q (Ql 2 )- It 



4 A standard way to prove this commutativity is to note that (|4.41l) is a trace of the fundamental L-operators 
for U q {$\ 2 ) an d the commutativity follows from the Yang-Baxter equation for these L-operators. 
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becomes much more involved in the general case of the algebra U q (Ql N ). There is a simple way 
to avoid these difficulties using the relation (|4,39|) . 

This relation allows to replace the projection of the product of the currents onto positive 
Borel subalgebra U q (b + ) by the linear combination of the terms 

P + (F(t n )---F(t 1 )) = F(t n )---F(t 1 ) 

- nW^t {P~ (F(tn)) ■ F(t n ^) • • • F(ti)) + W, (4.45) 

where W are the terms which have on the left the product of at least two negative projections 
of the currents F(t). Let us substitute (|4.45|) into the product T(t) • P + (^"(fr n i)). Although 
left hand side of (I4,45h belongs to the positive Borel subalgebra, each term in the right hand 
side of the equality (|4.45p does not belong to U q (b + ). The product of the universal transfer 
matrix with these terms will produce the terms such that some of them belong to U q {b + ) and 
other does not belong to U q (b + ). The latter terms which after ordering do not belong to U q (b + ) 
can be omitted since we are interesting only in the terms which belong to the positive Borel 
subalgebras. In particular, one may check that : T(t) ■ W : U q (b + ), where W are the terms 
in (|4,45p not showing explicitly (see [8] for details). Using the commutation relations of the 
half-currents E + (t) with total currents F(t') 

iE + (t)iF(t>)] = {q (kf(t')kt(tr 1 - mom*')- 1 ) , 

the commutation relations of the Cartan currents with total currents F(t') 

kt(t)F(t')kt(t)-i = ^j^W), kf(t)F(t')kf(t)-i = £!±=tf-E+{<) 

and the commutation relations of E + (t), kf(t), k£(t) with P~ (F(t')) we may check that the 
only terms which belong to the positive Borel subalgebra U q (b + ) and do not belong to the left 
ideal J in the normal ordered product : T(t) ■ P + (F(t n ) ■ ■ ■ F(t\)) : are 

:T(t).P + (F(t n )...F( tl )): 

= p+ (F(t n) ■ ■ ■ f^)) (fi q -^^kt(t) + n ^3^ 2 + (*)) 

\j=l i=l / 

+ nS^ t - (p+ {F + (t)k+(t)F(t n ) ■ ■ ■ F(t 2 )) {q Zl^ k+^k+in)- 1 

- nS^f (V {F+(t)k+(t)F(t n ^) ■ ■ ■ F(h)) {q ■ (4-46) 

In order to prove the statement of the Proposition [7] we have to cancel the last two terms 
in (|4.46|) . This can be done using the properties of the g-symmetrization that for any formal 
series G(t±, . . . , t n ) on n formal variables ti we have 

raSym f G(h, ...,t n )= V] — — Sy m t\t m G (ti, ■ ■ .,Vi,Wi, • • • ,t n ,t m ) 

, qt m — Q~U x 

m=l j=m+l * m H 



and 



n m-1 _i _ 

nS^Mh, ■ ,*n) = £ II l. iJ7 ^t m G(t m j ^1 > ■ ■ ■ ) t m —li tm+1 1 • • • > tnjt 



where g-symmetrization in the right hand sides of this formal series identities runs over (n — 1) 
variables i\t m = {t±, . . . , t m -i,t m+ i, . . . , t m }. Using these relations we conclude that last two 
terms in (|4.46j) cancel each other provided the relation (|4.43j) is satisfied. ■ 



Generating Series for Nested Bethe Vectors 



21 



A Current realization of U q (gi N ) 

The commutation relations for the algebra U q (qI n ) in the current realization are given by the 
following set of the relations 

{q~ X z - qw)Ei(z)Ei(w) = Ei{w)Ei(z)(qz - q~ l w), 
(z - w)Ei(z)E i+ i(w) = E i+ i(w)E i {z){q~ 1 z - qw), 



Formulae (jA. 1[) and (|A.2p should be considered as formal series identities describing the infinite 
set of the relations between modes of the currents. The symbol 5{z) entering these relations is 
a formal series X^nez zU ■ 

Following |H [9], we introduce composed currents Fj t i{t) for i < j. The composed currents for 
nontwisted quantum affine algebras were defined in [5]. According to this paper, the coefficients 
of the series Fj t i{t) belong to the completion U f of the algebra Uf- 

The completion U f determines analyticity properties of products of currents (and coincide 
with analytical properties of their matrix coefficients for highest weight representations [5]). 
One can show that for \i — j\ > 1, the product Fi{t)Fj{w) is an expansion of a function analytic 
at t ^ 0, w ^ 0. The situation is more delicate for j = i, i ± 1. The products Fi(t)Fi(w) and 
Fi(t)Fi+i(w) are expansions of analytic functions at \w\ < \q 2 t\, while the product 
is an expansion of an analytic function at \w\ < \t\. Moreover, the only singularity of the 
corresponding functions in the whole region t / 0, w / 0, are simple poles at the respective 
hyperplanes, w = q 2 t for j = i, i + 1, and w = t for j = i — 1. Recall, that the deformation 
parameter q is a generic complex number, which is neither nor a root of unity. 

The definition of the composed currents may be written in analytical form 




(A.l) 



and the Serre relations for the currents Ei(z) and Fi(z) 



Sym ZUZ2 (Ei(zi)Ei(z 2 )Ei± 1 (w) - {q + q )Ei{zi)Ei±i{w)Ei(z 2 ) 

+ E i ± 1 (w)E i {z 1 )E i {z 2 )) = Q, 
Sym^iFiiz^F^Fi^iw) - (q + q-^F^F^^F^) 

+ F l±1 (w)F i (z 1 )F i {z 2 )) =0. 



(A.2) 



res F jta (t)F a i (w) — = res \ F j a (w)F ai (t) — 

w=t J ' w w=t J ' w 



(A.3) 
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for any a = i + 1, . . . , j — 1. It is equivalent to the relation 

„ , -> ^* . . . » dw f q~ l — qt/w „ . . . . dw 

= f Fj,a(t)Fa,iH— ~ f \_tf w ^H^,a(t) — , 

= f F j>a (w)F a>i (t)^ - j ^/^ (^M^- (A.4) 

In (|A.4|) f ^-g(w) = g for a ny formal series 5(10) = J2 n ez9nZ~ n - 

Using the relations (| A. 1|) on Fi(t) we can calculate the residues in (|A.3|) and obtain the 
following expressions for Fj^(t), i < j: 

= (<1- q-y-^Fi^Fi+^t) ■ ■ ■ Fj.^t). (A.5) 

For example, Fj+i^i) = and Fj + 2,i(t) = (? — The last product is well- 

defined according to the analyticity properties of the product Fi(t)Fi + i(w), described above. 
In a similar way, one can show inductively that the product in the right hand side of (|A.5[) 
makes sense for any i < j. Formulas (IA.5D prove that the defining relations for the composed 
currents (|A.3[) or (|A.4p yields the same answers for all possible values i < a < j. 

Calculating formal integrals in (|A,4j) we obtain the following presentations for the composed 
currents: 

Fj,i(t) = F jia (t)F a>i [0] - q^Fa^Fj^t) + (q - q' 1 ) ^ F^k] F jA (t) t~ k , 

k<0 

Fj,i(t) = F jja [0]F a>i (t) - qF aji (t)F j>a [0] + (q- g" 1 ) Yl F iA k \ 

which are useful for the calculation of their projections. 
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